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the running of the electromagnetic coupling
the QED coupling 𝛼 = 𝑔2

4π runs with energy

𝛼(𝑄) = 𝛼
1 − 𝛥𝛼(𝑄)

• in the Thomson limit, the fine-structure constant is known at 0.23 ppb
𝛼−1 = 𝛼(𝑄 = 0)−1 = 137.035 999 139(31) [PDG 2018, CODATA 2014]

• at the 𝑍 pole, in the ms scheme, 𝛼(5)(𝑀𝑍)−1 = 127.955(10)
main uncertainty to the running: the hadronic contribution

𝛥had𝛼(𝑄) = 4π𝛼�̂�(𝑄2), �̂�(𝑄2) = 𝛱(𝑄2) − 𝛱(0)

is proportional to the subtracted hadronic vacuum polarization
• extracted from hadronic cross-section data [Erler 1999; Davier et al. 2017; PDG 2018]

𝛥had𝛼(3)(2 GeV) = 58.71(50) × 10−4, 𝛥had𝛼(5)(𝑀𝑍) = 0.027 64(7)

• or computed on the lattice [Burger et al. 2015; Francis et al. 2015; Borsanyi et al. 2018]
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motivation – global Standard Model fits
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𝑀𝐻 = 90+16
−17 GeV

the HVP contribution to the running
• is strongly correlated with 𝑎HVP

𝜇
• is a main input in global SM fits

shift of ±10−4 in 𝛥had𝛼(3)(2 GeV)
⇒ shift of ∓4.5 GeV in 𝑀𝐻

if the (𝑔 − 2)𝜇 discrepancy is solved by an increase of the SM determination of 𝑎HVP
𝜇

⇒ correlated increase in 𝛥had𝛼 [Passera, Marciano, Sirlin 2008]

⇒ lower 𝑀𝐻 from global fits
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motivation – 𝑡-channel scattering

the leading hadronic contribution to (𝑔 − 2)𝜇 from the running of 𝛼 [Lautrup, Peterman, de Rafael 1972]

𝑎HVP
𝜇 = 𝛼

π ∫
1

0
d𝑥 (1 − 𝑥)𝛥𝛼had(𝑄), 𝑄2 =

𝑥2𝑚2
𝜇

1 − 𝑥
,

with the integrand peaked at 𝑥 ≈ 0.914, 𝑄2 ≈ 0.108 GeV2. [Carloni Calame et al. 2015]

MUonE experiment @ CERN: measure the 𝑄2 dependence of 𝛼 [Abbiendi et al. 2017; and talks on Tuesday afternoon]

• in the range 0 < 𝑥 < 0.932, corresponding to 𝑄2 ≲ 0.14 GeV2

• 0.932 < 𝑥 < 1 or 𝑄2 ≳ 0.14 GeV2 accounts for 13 % of 𝑎HVP
𝜇

⇒ lattice input for the intermediate region 𝑄2 = 0.14 − 4 GeV2

Marco Cè (HIM, JGU Mainz) hadronic running of electroweak couplings 09/13/2019 3 / 15

https://dx.doi.org/10.1016/0370-1573(72)90011-7
https://dx.doi.org/10.1016/j.physletb.2015.05.020
https://dx.doi.org/10.1140/epjc/s10052-017-4633-z


the running of the electroweak mixing angle
the electroweak mixing (Weinberg) angle 𝜃W parametrizes the mixing between the SU(2)𝐿 and U(1)𝑌 sectors of the
Standard Model. At tree level,

sin2 𝜃W =
𝑔′2

𝑔2 + 𝑔′2 , or sin2 𝜃W = 1 −
𝑀2

𝑊

𝑀2
𝑍

,

where 𝑔 and 𝑔′ are the SU(2)𝐿 and U(1)𝑌 coupling respectively
• 𝑍 vector coupling 𝑣𝑓 = 𝑇𝑓 − 2𝑄𝑓 sin2 𝜃eff

𝑓

• weak charge of the proton 𝑄𝑊(𝑝) ∼ 1 − 4 sin2 𝜃W

like the couplings, the mixing angle is renormalization scheme and energy dependent

sin2 𝜃W(𝑄) = sin2 𝜃0[1 + 𝛥 sin2 𝜃W(𝑄)],

and the leading hadronic contribution to the running [Jegerlehner 1986; 2011]

𝛥had sin2 𝜃W(𝑄) = − 4π𝛼
sin2 𝜃W

�̂�𝑍𝛾(𝑄2), �̂�𝑍𝛾(𝑄2) = 𝛱𝑍𝛾(𝑄2) − 𝛱𝑍𝛾(0),

is proportional to the subtracted 𝑍-𝛾 hadronic vacuum polarization
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the running of the electroweak mixing angle

4−10
3−

10 2−10 1−10 1 10 210
3

10 410

 [GeV]µ

0.225

0.23

0.235

0.24

0.245

)µ(
Wθ

2
si

n

  LHC
  LEP 1

  SLC Tevatron

  NuTeV

 eDIS

  SLAC-E158

  Qweak

  APV

  LHC
  LEP 1

  SLC Tevatron

  NuTeV

 eDIS

  SLAC-E158

  Qweak

  APV

RGE Running

Particle Threshold

Measurements

[PDG 2018]

experimental values measured at colliders enter
global SM fits [PDG 2016]

sin2 𝜃W(𝑀𝑍) = 0.231 29(5)

upcoming experiments at low 𝑄2

• MOLLER @ JLab [Benesch et al. 2014]

• P2 @ MESA, Mainz [Becker et al. 2018]

the running to the Thomson limit is affected by non-perturbative QCD physics that
• can be extracted from hadronic cross-section data [Erler, Ferro-Hernández 2017]

sin2 𝜃W(0) = 0.238 68(5)(2), (ms scheme)

with additional input for flavor separation
• or can be computed on the lattice [Burger et al. 2015; Francis et al. 2015; Gülpers et al. 2015]

⇒ lattice easily provides flavor separation
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the hadronic vacuum polarization

we want to compute the subtracted hadronic vacuum polarization

𝛥had𝛼(𝑄) = 4π𝛼�̂�𝛾𝛾(𝑄2) 𝛥had sin2 𝜃W(𝑄) = − 4π𝛼
sin2 𝜃W

�̂�𝑍𝛾(𝑄2)

(𝑄𝜇𝑄𝜈 − 𝛿𝜇𝜈𝑄2)𝛱𝑋𝛾(𝑄2) = 𝛱𝑋𝛾
𝜇𝜈 (𝑄2) = ∫ d4𝑥 𝑒i𝑄𝑥⟨𝑗𝑋

𝜇 (𝑥)𝑗𝛾
𝜈(0)⟩

of the e.m. current and the vector part of the 𝑍 current

𝑗𝛾
𝜇 = 2

3
̄𝑢𝛾𝜇𝑢 − 1

3
̄𝑑𝛾𝜇𝑑 − 1

3
̄𝑠𝛾𝜇𝑠 + 2

3
̄𝑐𝛾𝜇𝑐,

𝑗𝑇3
𝜇 = 1

4
̄𝑢𝛾𝜇𝑢 − 1

4
̄𝑑𝛾𝜇𝑑 − 1

4
̄𝑠𝛾𝜇𝑠 + 1

4
̄𝑐𝛾𝜇𝑐,

𝑗𝑍
𝜇 = 𝑗𝑇3

𝜇 − sin2 𝜃W𝑗𝛾
𝜇,

on the lattice [Burger et al. 2015; Francis et al. 2015; Gülpers et al. 2015]
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the time-momentum representation (TMR) method

introduced for the HVP contribution to (𝑔 − 2)𝜇 [Bernecker, Meyer 2011; Francis et al. 2013]

�̂�(𝑄2) = ∫
∞

0
d𝑥0 𝐺(𝑥0)[𝑥2

0 − 4
𝑄2 sin2

(
𝑄𝑥0

2 )], 𝐺(𝑥0) = −1
3 ∫ d3𝑥

3

∑
𝑘=1

⟨𝑗𝑍
𝑘 (𝑥)𝑗𝛾

𝑘(0)⟩,

⇒ using correlators from 𝑁f = 2 + 1 Mainz effort in computing 𝑎HVP
𝜇 [Gérardin et al. 2019; status/plan Mainz by A. Gérardin]

• CLS ensembles, four lattice spacings, one physical 𝑀𝜋, 𝑀𝐾 ensemble [Bruno et al. 2015]

• non-perturbatively 𝒪(𝑎)-improved vector currents [Gérardin, Harris, Meyer 2018]

• two discretizations: local-local and local-conserved
• correction for finite lattice volume is included

in principle, any 𝑄2 can be input in the kernel
• at large 𝑄2, high sensitivity to cut-off effects
• w.r.t. the 𝑎HVP

𝜇 case, the kernel has a shorter range
• simpler large-distance systematic

⇒ no loss of signal in the tail of the connected correlator

Marco Cè (HIM, JGU Mainz) hadronic running of electroweak couplings 09/13/2019 7 / 15

https://dx.doi.org/10.1140/epja/i2011-11148-6
https://dx.doi.org/10.1103/PhysRevD.88.054502
https://dx.doi.org/10.1103/PhysRevD.100.014510
https://indico.fnal.gov/event/21626/session/10/contribution/58
https://dx.doi.org/http://dx.doi.org/10.1007/JHEP02(2015)043
https://dx.doi.org/10.1103/PhysRevD.99.014519


the TMR method – contributions to the integrand

comparing �̂�(𝑄2) at different 𝑄2 to 𝑎HVP
𝜇
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using a model for the Euclidean-time correlator [Bernecker, Meyer 2011]
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the TMR method – contributions to the integrand
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using lattice data at physical 𝑀𝜋 (E250) for the Euclidean-time correlator (connected contribution only)
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lattice correlators
with SU(3)𝐹 notation, in the isospin-symmetric limit (light quark ℓ: either 𝑢 or 𝑑):

𝐺33
𝜇𝜈(𝑥) = 1

2
𝐶ℓ,ℓ

𝜇𝜈 (𝑥),

𝐺88
𝜇𝜈(𝑥) = 1

6[𝐶ℓ,ℓ
𝜇𝜈 (𝑥) + 2𝐶𝑠,𝑠

𝜇𝜈 (𝑥) + 2𝐷ℓ−𝑠,ℓ−𝑠
𝜇𝜈 (𝑥)],

𝐺08
𝜇𝜈(𝑥) = 1

2√3
[𝐶ℓ,ℓ

𝜇𝜈 (𝑥) − 𝐶𝑠,𝑠
𝜇𝜈 (𝑥) + 𝐷2ℓ+𝑠,ℓ−𝑠

𝜇𝜈 (𝑥)],

where the connected and disconnected Wick’s contractions are

𝐶𝑓1,𝑓2
𝜇𝜈 (𝑥) = −⟨Tr{𝐷−1

𝑓1
(𝑥, 0)𝛾𝜇𝐷−1

𝑓2
(0, 𝑥)𝛾𝜈}⟩,

𝐷𝑓1,𝑓2
𝜇𝜈 (𝑥) = ⟨Tr{𝐷−1

𝑓1
(𝑥, 𝑥)𝛾𝜇} Tr{𝐷−1

𝑓2
(0, 0)𝛾𝜈}⟩,

and the relevant correlators are given by (note: 𝐺ℓ
conn. = 2𝐺33 and 𝐺𝑠

conn. = 3𝐺88
conn. − 𝐺33)

𝐺𝛾𝛾 = 𝐺33 + 1
3

𝐺88 + 4
9

𝐶𝑐,𝑐,

𝐺𝑍𝛾 = (
1
2

− sin2 𝜃W)𝐺𝛾𝛾 − 1
6√3

𝐺08 + 4
9(

3
8

− sin2 𝜃W)𝐶𝑐,𝑐.
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preliminary results – running on the lattice
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88 0.025 26(5) 0.024 85(5)
08 0.006 00(8)
𝑐 0.002 664(6) 0.002 246(5)

88 −0.000 57(12) −0.000 57(12)
08 −0.001 20(36)

D200: 𝑀𝜋 ≈ 200 MeV, 𝑎 = 0.064 26(74) fm

l.c. 𝛥had𝛼(1 GeV) = 0.003 957(14)(4)(1), 𝛥had sin2 𝜃W(1 GeV) = −0.004 026(12)(11)(0)
l.l. 0.003 869(14)(4)(1)
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preliminary results – running on the lattice
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E250: physical meson masses, 𝑎 = 0.064 26(74) fm

l.c. 𝛥had𝛼(1 GeV) = 0.004 237(36)(15)(8), 𝛥had sin2 𝜃W(1 GeV) = −0.004 320(32)(33)(4)
l.l. 0.004 148(37)(16)(6)
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preliminary results – extrapolation to the physical point
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combined fit of �̂�33 and �̂�88
conn. at 𝑄2 = 1 GeV2, two discretizations each, and 𝑀𝜋, 𝑀𝐾, leads to

�̂�33 = 0.0328(4), �̂�88
conn. = 0.023 55(31) ⇒ 𝛥had,conn.𝛼(𝑄) = 0.003 73(4)
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preliminary results – 𝛼 running at the physical point
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𝑁f = 3 lattice connected only, preliminary

at 𝑄2 = 1 GeV2, the 𝑁f = 3 value is 𝛥had𝛼(𝑄) = 0.003 73(4) (connected only)

• phenomenology gives 𝛥had𝛼(𝑄) = 0.003 49(2) [Jegerlehner and Miura]

• disconnected contribution −5.0(15) × 10−5 estimated at 𝑎 ≈ 0.064 fm and physical 𝑀𝜋
• independent lattice determination 𝛥had𝛼(𝑄) = 0.003 59(1)(2) [Borsanyi et al. 2018]
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preliminary results – 𝛼 running at the physical point
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• disconnected contribution −5.0(15) × 10−5 estimated at 𝑎 ≈ 0.064 fm and physical 𝑀𝜋
• independent lattice determination 𝛥had𝛼(𝑄) = 0.003 59(1)(2) [Borsanyi et al. 2018]
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• phenomenology gives 𝛥had𝛼(𝑄) = 0.003 49(2) [Jegerlehner and Miura]

• disconnected contribution −5.0(15) × 10−5 estimated at 𝑎 ≈ 0.064 fm and physical 𝑀𝜋
• independent lattice determination 𝛥had𝛼(𝑄) = 0.003 59(1)(2) [Borsanyi et al. 2018]
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preliminary results – sin2 𝜃W running at the physical point
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𝑁f = 3 Borsanyi et al. 2018 (connected only)

at 𝑄2 = 1 GeV2, the 𝑁f = 3 value is 𝛥had sin2 𝜃W(𝑄) = −0.003 78(4) (connected only)
• independent connected-only lattice determination 𝛥had sin2 𝜃W(𝑄) = −0.003 69(1)(2) [Borsanyi et al. 2018]
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conclusions & outlook

a lattice computation of the leading hadronic contribution to the running of 𝛼 and sin2 𝜃W
• with 𝒪(1 %) errors
• comparable with the phenomenological estimate [comparison provided by K. Miura]

• including the disconnected contribution, with sub-percent determination [Harris et al. Lattice 2019; K. Ottnad]

• sin2 𝜃W: lattice provides flavor separation ⇒ input for the dispersive approach
• correction for finite-size effects is essential

• extrapolate the disconnected contribution to the physical point
• … and the charm contribution
• bounding method for small 𝑄2? [implemented in Gérardin et al. 2019]

• we have a new fine (𝑎 ≈ 0.050 fm) and light (𝑀𝜋 ≈ 175 MeV) ensemble
• add isospin breaking effects [work in progress: Risch, Wittig 2018]

• and other systematics (e. g. scale setting, physical-point extrapolation)
• …
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renormalization and 𝒪(𝑎) improvement

for the local current [Bhattacharya et al. 2006, […], Gérardin, Harris, Meyer 2018]

𝑉 3
𝜇,𝑅 = 𝑍𝑉(1 + 3�̄�𝑉𝑎𝑚av

𝑞 + 𝑏𝑉𝑎𝑚𝑞,ℓ)𝑉 3,𝐼
𝜇 = 𝑍3𝑉 3,𝐼

𝜇 ,

(
𝑉 8

𝜇
𝑉 0

𝜇 )
𝑅

= 𝑍𝑉

⎛
⎜
⎜
⎝

1 + 3�̄�𝑉𝑎𝑚av
𝑞 + 𝑏𝑉

𝑎(𝑚𝑞,ℓ+2𝑚𝑞,𝑠)
3 (

𝑏𝑉
3 + 𝑓𝑉)

2𝑎(𝑚𝑞,ℓ−𝑚𝑞,𝑠)

√3

𝑟𝑉𝑑𝑉
𝑎(𝑚𝑞,ℓ−𝑚𝑞,𝑠)

√3
𝑟𝑉1 + (3 ̄𝑑𝑉 + 𝑑𝑉)𝑎𝑚av

𝑞

⎞
⎟
⎟
⎠
(

𝑉 8
𝜇

𝑉 0
𝜇 )

𝐼
= (

𝑍8 𝑍80
𝑍08 𝑍0 )(

𝑉 8
𝜇

𝑉 0
𝜇 )

𝐼

where
𝑉 𝑎,𝐼

𝜇 = 𝑉 𝑎
𝜇 + 𝑎𝑐𝑉𝜕0𝑇 𝑎

0𝜇, 𝑉 0,𝐼
𝜇 = 𝑉 0

𝜇 + 𝑎 ̄𝑐𝑉𝜕0𝑇 0
0𝜇.

while for the conserved current

𝑉 𝑎
𝜇,𝑅 = 𝑉 𝑎

𝜇 + 𝑎𝑐cs
𝑉 𝜕0𝑇 𝑎

0𝜇, 𝑉 0
𝜇,𝑅 = 𝑉 0

𝜇 + 𝑎 ̄𝑐cs
𝑉 𝜕0𝑇 0

0𝜇.

⇒ we use only the conserved vector current for the flavor-singlet component, and we set

𝑓𝑉 = 0, ̄𝑐𝑉 = 𝑐𝑉 ̄𝑐cs
𝑉 = 𝑐cs

𝑉 .
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ensembles
from the CLS initiative [Bruno et al. 2015, Bruno, Korzec, Schaefer 2017]

tree-level Lüscher-Weisz gauge action, non-perturbatively 𝒪(𝑎)-improved Wilson fermions, open BCs in time

𝑇 /𝑎 𝐿/𝑎 𝑎 [fm] 𝐿 [fm] 𝑚𝜋, 𝑚𝐾 [MeV] 𝑚𝜋𝐿

H101 96 32 0.086 2.8 415 5.8
H102 96 32 2.8 355 440 5.0
H105* 96 32 2.8 280 460 3.9
N101 128 48 4.1 280 460 5.8
C101* 96 48 4.1 220 470 4.6

B450§ 64 32 0.076 2.4 415 5.1
S400 128 32 2.4 350 440 4.3
N401* 128 48 3.7 285 460 5.3

H200 96 32 0.064 2.1 420 4.4
N202 128 48 3.1 410 6.4
N203* 128 48 3.1 345 440 5.4
N200* 128 48 3.1 285 465 4.4
D200* 128 64 4.1 200 480 4.2
E250*§ 192 96 6.2 130 490 4.1

N300 128 48 0.050 2.4 420 5.1
N302* 128 48 2.4 345 460 4.2
J303 192 64 3.2 260 475 4.2

* disconnected contribution available, § periodic BCs in time
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preliminary results

0.00

0.02

0.04

0.06

0.08

𝛱
(𝑄

2 )

33
88, conn.
08, conn.
𝑐, conn.

0 1 2 3 4 5 6 7
𝑄2 [GeV2]

−0.004

−0.002

0.000

𝛱
(𝑄

2 )

88, disc.
08, disc.

at 𝑄2 = 1 GeV2

l.c. l.l.

33 0.030 02(11) 0.029 62(11)
88 0.025 37(5) 0.024 97(5)
08 0.003 93(6)
𝑐 0.002 629(5) 0.002 203(5)

88 −0.000 39(7) −0.000 39(7)
08 −0.001 10(29)

N200: 𝑀𝜋 ≈ 285 MeV, 𝑎 = 0.064 26(74) fm

l.c. 𝛥had𝛼(1 GeV) = 0.003 757(11)(2)(0), 𝛥had sin2 𝜃W(1 GeV) = −0.003 882(10)(9)(0)
l.l. 0.003 669(11)(2)(0)
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finite-size correction

added to the 𝐼 = 1 correlator 𝐺33(𝑡), with 𝑡𝑖 = (𝑚𝜋𝐿/4)2/𝑚𝜋 [Gérardin et al. 2019]

𝑡 < 𝑡𝑖: correction from scalar QED / NLO χPT [Francis et al. 2013; Della Morte et al. 2017]

𝐺33(𝑡, 𝐿) − 𝐺33(𝑡, ∞) = 1
3(

1
𝐿3 ∑

�⃗�

− ∫
d3�⃗�

(2π)3 )
�⃗�2 + 𝑚2

𝜋

�⃗�2
e−2𝑡√�⃗�2+𝑚2

𝜋

𝑡 > 𝑡𝑖: correction from GS model of 𝐹𝜋(𝜔) [Gounaris, Sakurai 1968]

𝐺33(𝑡, ∞) = ∫
∞

0
d𝜔 𝜔2𝜌(𝜔2)e−𝜔𝑡 𝜌(𝜔2) = 1

48π2 (1 − 4𝑚2
𝜋

𝜔2 )
3
2
|𝐹𝜋(𝜔)|

2

and the corresponding finite-volume correlator [Lüscher 1991; Lellouch, Lüscher 2000; Meyer 2011]

𝐺33(𝑡, 𝐿) = ∑
𝑛

|𝐴𝑛|
2e−𝜔𝑛𝑡 with Lüscher’s 𝜔𝑛 and LL’s 𝐴𝑛

note: the connected 𝐼 = 0 correlator 𝐺88
conn.(𝑡) receives a 𝐼 = 1 finite-size correction ∝ 𝐺33(𝑡)/3
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finite-size correction – an example

using the TMR kernel to compute (𝑔 − 2)𝜇

0 10 20 30 40
𝑡/𝑎

−2

−1

0

1

2

3

4

𝑎 𝜇

×10−10 H105, 𝑀𝜋𝐿 = 3.9

0 10 20 30 40
𝑡/𝑎

N101, 𝑀𝜋𝐿 = 5.8

lattice correlator error
scalar QED correction
GS model correction
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finite-size correction – an example

using the TMR kernel to compute (𝑔 − 2)𝜇

0 10 20 30 40
𝑡/𝑎

−1

0

1

2

3

𝑎 𝜇

×10−10 H200, 𝑀𝜋𝐿 = 4.4

0 10 20 30 40
𝑡/𝑎

N202, 𝑀𝜋𝐿 = 6.4

lattice correlator error
scalar QED correction
GS model correction
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fit strategy

𝜒2 = ∑
𝑙∈{CLS}

[𝑣𝑙
model − 𝑣𝑙

data]
⊤𝐶−1

data[𝑣𝑙
model − 𝑣𝑙

data]

where

[𝑣𝑙
model − 𝑣𝑙

data] =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑎𝑚data
𝜋 − 𝑎

4√𝑡0
√2𝜙𝑙

2

𝛱data
33,𝑐,𝑙 − 𝛱model(𝑎2/𝑡0, 𝜙𝑙

2, 𝜙𝑙
4; 𝛿𝑐,𝑙

𝑖 , 𝛾33
2 , … )

𝛱data
33,𝑙,𝑙 − 𝛱model(𝑎2/𝑡0, 𝜙𝑙

2, 𝜙𝑙
4; 𝛿𝑙,𝑙

𝑖 , 𝛾33
2 , … )

𝑎𝑚data
𝐾 − 𝑎

4√𝑡0
√2𝜙𝑙

4 − 𝜙𝑙
2

𝛱data
88,𝑐,𝑙 − 𝛱model(𝑎2/𝑡0, 𝜙𝑙

2, 𝜙𝑙
4; 𝛿𝑐,𝑙

𝑖 , 𝛾88
2 , … )

𝛱data
88,𝑙,𝑙 − 𝛱model(𝑎2/𝑡0, 𝜙𝑙

2, 𝜙𝑙
4; 𝛿𝑙,𝑙

𝑖 , 𝛾88
2 , … )

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

where the general functional form of the model for 𝛱 is

𝛱model(𝑎2/𝑡0, 𝜙𝑙
2, 𝜙𝑙

4; 𝑝0, 𝛿𝑖, 𝛾𝑗, 𝜂𝑘, 𝜆𝑚, 𝜙0
2, 𝜙0

4) = 𝑝0 + 𝛿𝑖𝑎/𝑡𝑖/2
0

+ 𝛾1(𝜙𝑙
2 − 𝜙0

2) + 𝛾2(log 𝜙𝑙
2 − log 𝜙0

2) + 𝛾4(𝜙𝑙
2 − 𝜙0

2)2 + 𝜂𝑘(𝜙𝑙
4 − 𝜙0

4)𝑘 + 𝜆𝑚(2𝜙𝑙
4 − 3𝜙𝑙

2)𝑚

note: on SU(3)-symmetric ensembles 𝑚data
𝐾 ≡ 𝑚data

𝜋 , 𝜙𝑙
4 = 1.5𝜙𝑙

2, 𝛱data
88 = 𝛱data

33
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combined fit at 𝑄2 = 1 GeV2, excluding ensembles with 𝐿 < 2.5 fm

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
𝜙2 = 8𝑡0𝑀2

𝜋

0.022

0.024

0.026

0.028

0.030

0.032

0.034

0.036
𝛱

(𝑄
2 )

140 200 240 280 315 340 370 395 420
𝑀𝜋 [MeV]

0.086 fm
0.076 fm
0.064 fm
0.050 fm

𝑙 𝜒2
𝑙

H101 2.597
H102 2.239
H105 1.066
N101 1.145
C101 0.643
B450 -
S400 -
N401 6.108
H200 -
N202 1.291
N203 5.898
N200 2.266
D200 8.612
E250 8.150
N300 -
N302 -
J303 12.112

𝜒2/dof = 52.13/38 = 1.37, 𝑝-value = 0.0631, 𝛱33
phys. = 0.0328(4), 𝛱88

phys. = 0.023 55(31) ⇒ 𝛥𝛼 = 0.003 73(4)

{𝜙𝑙
2, 𝜙𝑙

4}, 𝜙0
2 = 0.754(5), 𝑝0 = 0.025 16(29), 𝛿𝑐,𝑙

2 = 0.0126(31), 𝛿𝑙,𝑙
2 = 0.0106(31), 𝛿𝑐,𝑙

3 = −0.005(4), 𝛿𝑙,𝑙
3 = −0.006(4), 𝛽2,1 = 0.0004(23),

𝛾33
1 = −0.0017(9), 𝛾88

1 = 0.003 63(33), 𝛾33
2 = −0.002 91(28), 𝛾88

2 = 𝛾33
2 /3, 𝛾88

4 = 0.0026(5), 𝜂1 = −0.011(4)
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preliminary results – sin2 𝜃W running at the physical point

0 1 2 3 4 5 6
𝑄2 [GeV2]

−0.008

−0.007

−0.006

−0.005

−0.004

−0.003

−0.002

−0.001

0.000

𝛥 h
ad

si
n2

𝜃 W
(𝑄

)

𝑁f = 3 lattice connected only, preliminary
𝑁f = 3 Borsanyi et al. 2018 (connected only)

at 𝑄2 = 1 GeV2, the 𝑁f = 3 value is 𝛥had sin2 𝜃W(𝑄) = −0.003 78(4) (connected only)

• phenomenology gives 𝛥had sin2 𝜃W(𝑄) = −0.003 46(4) [Jegerlehner and Miura]

• disconnected contribution −5.6(33) × 10−5 estimated at 𝑎 ≈ 0.064 fm and physical 𝑀𝜋

• independent connected-only lattice determination 𝛥had sin2 𝜃W(𝑄) = −0.003 65(1)(2) [Borsanyi et al. 2018]
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preliminary results – sin2 𝜃W running at the physical point

0 1 2 3 4 5 6
𝑄2 [GeV2]

−0.008

−0.007

−0.006

−0.005

−0.004

−0.003

−0.002

−0.001

0.000

𝛥 h
ad

si
n2

𝜃 W
(𝑄

)

𝑁f = 3 lattice including disc., preliminary
𝑁f = 3 Borsanyi et al. 2018 (connected only)
𝑁f = 3 pheno.

at 𝑄2 = 1 GeV2, the 𝑁f = 3 value is 𝛥had sin2 𝜃W(𝑄) = −0.003 84(4)(3)
• phenomenology gives 𝛥had sin2 𝜃W(𝑄) = −0.003 46(4) [Jegerlehner and Miura]

• disconnected contribution −5.6(33) × 10−5 estimated at 𝑎 ≈ 0.064 fm and physical 𝑀𝜋
• independent connected-only lattice determination 𝛥had sin2 𝜃W(𝑄) = −0.003 65(1)(2) [Borsanyi et al. 2018]
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